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Abstract. In this paper we analyze the problem of uniqueness for 
spacelike hypersurfaces with constant higher order mean curvature in 
generalized Robertson- Walker spacetimes. We consider first the case of 
compact spacelike hypersurfaces, completing some previous results given 
in [2]. We next extend these results to the complete noncompact case. 
In that case, our approach is based on the use of a generalized version of 
the Omori-Yau maximum principle for trace type differential operators, 
recently given in [3]. 



1. Introduction 

Spacelike hypersurfaces in spacetimes are objects of increasing interest in 
recent years, both from physical and mathematical points of view. A basic 
question on this topic is the problem of uniqueness of spacelike hypersurfaces 
with constant mean curvature in certain spacetimes, and, more generally, 
that of spacelike hypersurfaces with constant higher order mean curvature. 

In a recent paper, Alias and Colares [2j studied in depth the problem of 
uniqueness for compact spacelike hypersurfaces with constant higher order 
mean curvature in spatially closed generalized Robertson- Walker spacetimes, 
that is, in generalized Robertson- Walker spacetimes having a compact Rie- 
mannian factor. Their approach was based in the use of the so called Newton 
transformations Pk and their associated second order differential operators 
Lfc (see section [2]), as well as in the use of some general Minkowski integral 
formulae for compact hypersurfaces. 
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In this paper, which is a natural continuation of we go deeper into this 
study. We consider first the case of compact spacehke hypersurfaces, extend- 
ing the analysis and completing the results given in [2]. Specifically, instead 
of considering the assumption of the null convergence condition (NCC) as in 
[2], here we replace it by the condition (logp)" < on the warping function 
p, which was introduced by Montiel in [10] and it is closely related to the 
timelike convergence condition (TCC) and the NCC (see the beginning of 
Section [3] for further details). We next extend these results to the complete 
noncompact case. In that case, our approach is based on the use of a general- 
ized version of the Omori-Yau maximum principle for trace type differential 
operators which includes the operators that has been recently introduced 
by the authors in [3] for the study of hypersurfaces in Riemannian warped 
products. 

The paper is organized as follows. After a preliminaries Section, where 
we fix notation and collect some basic results, we consider in Section [3] the 
problem of uniqueness for compact spacelike hypersurfaces in spatially closed 
generalized Robertson- Walker spacetimes. In particular, we obtain the fol- 
lowing result which completes previous results in [2j (Theorem [S]): 

Let —I Xp he a spatially closed generalized Robertson- 
Walker spacetime with warping function satisfying (log p)" < 
0. The only compact spacelike hypersurfaces with con- 
stant, 2 < k < n, contained in a slab n{ti,t2) on which p' 
does not vanish are slices. 

In Section H] we extend the previous results to the complete noncompact 
case with the aid of the generalized version of the Omori-Yau maximum 
principle given in [3j. Among others, we obtain the following uniqueness 
result (Theorem [T3]l : 

Let —L Xp P" be a generalized Robertson-Walker spacetime 
whose warping function satisfies (log p)" < 0, with equality 
only at isolated points, and suppose that P" has sectional cur- 
vature bounded from below. Let f : Ti"^ ^ —IXp'F^ be a com- 
plete spacelike hypersurface contained in a slab and assume 
that either 

(i) H2 is a positive constant, or 

(ii) Hk is constant (with k > 3) and there exists an elliptic 
point in S. 

//sup2 l-f/^il < +00, then T, is a slice. 

Finally, in Section [Sj we give a number of further results extending to the 
complete case previous uniqueness results in [2\. 
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2. Preliminaries 

In what follows we consider a n-dimensional Riemannian manifold P" and 
let I be an open interval of the real line. We let M""*"^ := — / x pP" to denote 
the Lorentzian warped product endowed with the Lorentzian metric 

{,) = -Tri{dt'')+p\Tri)M{,M- 
Following the terminology used in |5| we will refer to —I x^P" as a general- 
ized Robertson- Walker spacetime. Observe that p{t)^ is a closed conformal 
vector field on M which determines a foliation t — )• P^ := {t} x P of M by 
complete totally umbilical spacelike hypersurfaces with constant mean cur- 
vature. 

Consider a spacelike hypersurface / : — )• M"^"*^. In this case, since 
T := ^ is a unitary timelike vector field globally defined on M""*"^, there 
exists a unique unitary timelike normal field N globally defined on S with 
the same orientation as T. Hence 

e := {N,T) < -1< 0. 

We will refer to that normal field N as the future-pointing Gauss map of the 
hypersurface. We let A : TS — t- TS denote the second fundamental form of 
the immersion. Its eigenvalues ki,...,kn are the principal curvatures of the 
hypersurface. Their elementary symmetric functions 

Sk = ^ ^ ■ ■ ■ ki^ , k = 1, n, 5*0 = 1, 

il<..<ife 

define the /c-mean curvatures of the immersion via the formula 

Thus Hi = — l/?7-Tr(^) = H is the mean curvature and 

n(n - l)H2 = S-S + 2Ric(iV, A^), 

where S and S are, respectively, the scalar curvature of S and M""*"^ and 
Ric is the Ricci tensor of the generalized Robertson- Walker spacetime. Even 
more, when k is even, it follows from the Gauss equation that is a geo- 
metric quantity which is related to the intrinsic curvature of S"". 

The classical Newton transformations associated to the immersion are 
defined inductively by 

Po = I, Pk= (^^Hkl + APk-i, 

for every k = 1, ...,n. It is not difficult to see that 
(a) Tr(Pfc) = CkHk, 
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(b) TliAPk) = -CkHk+l, 

(c) TriA'Pk) = {^i;){nHiHk+i -{n-k- l)Hk+2), 

where Ck = {n — k)(2) = {k + We refer the reader to [l] for further 

details (see also p3j for other details about classical Newton tensors for 
hypersurfaces in Riemannian spaces). 

Let V be the Levi-Civita connection of S. We define the second order linear 
differential operator : C°°($]) — )• C°°(S) associated to by 

Lkf = Tr(Pfc o hess/), 

where 

{hess f{X),Y) = {VxVf,Y). 

It follows by the definition that the operator Lj. is elliptic if and only if 
Pk is positive definite. Let us state two useful lemmas in which geometric 
conditions are given in order to guarantee the ellipticity of Lk when A; > 1 
(Recall that Lq = A is always elliptic). 

Lemma 1. Let T, be a spacelike hypersurface immersed into a generalized 
Robertson- Walker spacetime. If H2 > on E, then Li is an elliptic operator 
(for an appropriate choice of the Gauss map N). 

For a proof of the Lemma see Lemma 3.2 in [2], where they proved it as 
a consequence of Lemma 3.10 in [7]. The next Lemma is a consequence of 
Proposition 3.2 in [6] (see also Lemma 3.3 in p]). 

Lemma 2. Let T, be a spacelike hypersurface immersed into a generalized 
Robertson-Walker spacetime. If there exists an elliptic point ofT,, with re- 
spect to an appropriate choice of the Gauss map N , and i^^+i > on T,, 
2 < k < n — 1, then for all 1 < j < k the operator Lj is elliptic. 

Recall here that by an elliptic point in a spacelike hypersurface we mean 
a point of S where all the principal curvatures are negative, with respect to 
an appropriate orientation. In order to apply Lemma [2] it is convenient to 
have some geometric conditions guaranteeing the existence of such a point. 
The following technical lemma is a consequence of a more general result 
given in [IJ and guarantees the existence of the elliptic point in the compact 
case. Before stating it, recall from Proposition 3.2 (i) in [5] that if a gen- 
eralized Robertson- Walker spacetime — / XpP" admits a compact spacelike 
hypersurface, then the Riemannian factor P" is necessarily compact. In that 
case, — / XpP" is said to be a spatially closed generalized Robertson- Walker 
spacetime. 

Lemma 3 (Lemma 5.3, [2]). Let f : — )• — / XpP" be a compact spacelike 
hypersurface immersed into a spatially closed generalized Robertson-Walker 
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spacetime, and assume that p'{h) does not vanish on T, (equivalently, /(S) 
is contained in a slab VL{ti,t2) on which p' does not vanish). Then 

(i) if p'{h) > on S (equivalently, p' > on {ti,t2)), then there exists 
an elliptic point on S with respect to its future-pointing Gauss map. 

(ii) if p'{h) < on E (equivalently, p' < on {ti,t2)), then there exists 
an elliptic point on S with respect to its past-pointing Gauss map. 

For the proof of our main results we will make use of the following com- 
putations (see Section 4 in [2j). 

Proposition 4. Let f : — t- M"+^ be a spacelike hypersurface. If 

a{t) = / /j(r)dr, 



J to 

then 

(1) Lkh = - {log p)'{h){ckHk + {PkVh,Vh)) - Oc^Hk+i, 

(2) Lka{h) = - Ck{p'{h)Hk + Qp{h)Hk+i). 

Proof. The gradient of ttk G C°°(M) is Vttk = — T, hence: 

V/i = (Wr)^ = -T- qn. 

Moreover 

Va{h) = p{h)Vh = -p{h)T - p{h)QN. 

Since p{h)T is a non-vanishing closed conformal vector field on M""^^ we 
have 

Vz{p{t)T) = p'{t)Z, 

for every vector Z tangent to M"^^^, where V denotes the Levi-Civita con- 
nection of M"+^. Hence 

Vxct(/i) = -p{h)X + p{h)QAX - X{p{h)Q)N 



and 
Then 



Moreover 



Vx(y{h) = {Vx(T{h)f = -p'{h)X + p{h)QAX. 

Lk(T{h) =Tr(Pfc o hess(cj(/i))) 

= - Ckp{h)Tr{Pk) + p{h)eTi{PkA) 
-Ck{p{h)Hk + p{h)QHk+i). 



VxV/i = (X, V/i) Vh + J-Vxct(/i) 

p{h) p{h) 
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and therefore 

Lkh = - (log p{h)y {PkVh,Vh) + -1-Lka{h) 

p{h) 

= - (log p{h)y{{PkVh,Vh) + CkHk) - CkQHk+i. 

□ 

3. Uniqueness of compact spacelike hypersurfaces 

In Theorem 7] (see also [4, Theorem 1]) it was proved that the only 
compact spacelike hypersurfaces with constant mean curvature in a spatially 
closed generalized Robertson- Walker spacetime — / Xp P" whose warping 
function satisfies (log p)" < are the spacelike slices. Recall that a spacetime 
obeys the timelike convergence condition (TCC) if its Ricci curvature is 
nonnegative on timelike directions. It is not difficult to see that a generalized 
Robertson- Walker spacetime — / XpP" obeys TCC if and only if 

(3) Ricp > (n - 1) sup((log p)"p^) (, )p , 
and 

(4) p" < 0, 

where Ricp and (,)p are respectively the Ricci and metric tensors of the 
Riemannian manifold P. 

As observed in |10] , any of the two conditions above implies separately that 
spacelike slices are the only compact spacelike hypersurfaces in — / XpP". In 
particular, the sole hypothesis dH) suffices to guarantee uniqueness, without 
any other restriction on the curvature of P. Even more, the more general 
condition (log p)" < is sufficient to obtain the uniqueness. On the other 
hand, this uniqueness result was extended in [2j to the case of compact 
spacelike hypersurfaces with constant under the assumption that the 
ambient generalized Robertson- Walker spacetime obeys the null convergence 
condition, which is nothing but ([3]), and that p' does not vanish on the 
hypersurface. Related to this, here we obtain the following result. 

Theorem 5. Let —IXpF"^ be a spatially closed generalized Robertson-Walker 
spacetime with warping function satisfying (logp)" < 0. The only compact 
spacelike hypersurfaces with constant, 2 < k < n, contained in a slab 
Q{ti,t2) on which p' does not vanish are slices. 

Proof. We may assume that p' > on (^1,^2)) so that p'{h) > on S. By 
Lemma [3] there exists an elliptic point po S S with respect to the future- 
pointing Gauss map N. In particular, Hi^ = Hk[pQ) is a positive constant, 
G < — 1 on S, and by Lemma [2] the operators Pj are positive definite for all 
l<3<k-l. 
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To make more transparent our reasoning, we first consider the case k = 2. 
We introduce the operator C defined as 

£ = (n-l)(log/9)'(/i)A-eLi = TV(Pohess), 

where 

V = {n - l){\og p)' {h)I - QPi. 

Since p'{h) > 0, —0 > 1 > 0, and Pi is positive definite, the operator £ is 
elliptic. Moreover, observe that 

C{u) = div(PVn) - (divP, Vu) , 

where divV = TrVP. Hence by Theorem 3.1 in [9j £ satisfies the maximum 
principle. 

It follows by Equation ([2]) that 

(5) Ca{h) = -cip(/i)((log p)'{hf - Q^H2). 

Compactness of S implies the existence of points PmimPmax £ S such that 

/i(Pmm) = nun /i = /i*, h{pmax) = ^a^h = h* . 

Hence Vh{pmin) = "^KPmax) = and Q{pmin) = Q{Pmax) = "l- Fur- 
thermore, since a is an increasing function, Pmin and Pmax realize also the 
minimum and the maximum of cr(/i) on S, respectively. Therefore, since C 
is an elliptic operator we have 

Ca{h){p^ax) = -n{n - l)p{K'){{\og p)' {K' f - H2) < 0, 

Ca{h){p^in) = -n{n - l)p{K){{log p)' {K f - H2) > 0. 

Hence 

{logpYiKf <H2< {log py{h*f, 

1 /2 

from which it follows that (logp)'(/i) = H2 = constant, (log/))' being a 
positive non-increasing function. Therefore, we have 

Ca{h) = -n{n -l)p{h) {{log py{hf-e^H2) = -n{n-l)p{h)H2{l-e^) > 

on S, and by compactness and the maximum principle we conclude that 
(t(/i), and hence h, is constant. 

Let us consider now the case /c > 3. Let C be the operator given by 

k-l 

Ci 



C = Y, ^{logp)'{hf~^-\-QyLi = Tr(P o hess), 

where 



k-l 

Ck^l 



V = y^^-^{iogp)'{hf-^-\-QyPi. 



i=0 
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Since p'{h) > 0, —Q > 1 > 0, and Pi, . . . ,Pk-i are all positive definite, the 
operator £ is elliptic and it satisfies the maximum principle. 
We claim that 

(6) Ca{h) = -Ck-ip{h) [{log pYihf - (-e)^i/fc) . 

We can prove the claim by induction. We have already proved that this is 
true for k = 2. Assuming that it is true for k — 2 and using ([2]) we get 

k-2 

Ca{h) =^-^{\ogp)'{h)Y,^-^{^ogp)'{hf~^~\-QrUa{h) 

Ck-2 ^ Ci 

+ {-ef-^Lk-i<j{h) 
= -Ck^ip{h){\ogp)'{hf + Ck-ip{h){\ogp)'{h){-Qf-^Hk-i 
- Ck^ip{h) [{\ogp)'{h){-ef-^Ht,_^ - {-QfHk) 

= - ck-ip{h) [{log pYih)' - (-e)^Ffc) . 

The rest of the proof follows as in the case k = 2, using ([6]) instead of ([5]). 

□ 

As an application of Theorem [5] we have the following 

Corollary 6. Let —I Xp be a spatially closed generalized Robertson- 
Walker spacetime with warping function satisfying (log/j)" < 0. The only 
compact spacelike hypersurfaces with nonvanishing mean curvature and Hk 
constant, 2 < k < n, are slices. 

Proof. We may choose the orientation so that Hi > 0. In this case, since 
O never vanishes, it can be either positive or negative with respect to this 
orientation. 

Let us assume first that < 0. Since S is compact there exist points 
Pmax and Pmin at which the height function h attains its maximum and 
minimum values respectively. In particular, Vh{pmax) = and Q{pmax) = 
— 1. Moreover, setting h* := h{pmax) and using Proposition H] 

> Ah{pmax) = -n{logp)'{h*) + nHi{pmax) > -n{logp)'{h*). 

Observing now that — log /) is a convex function we get 

(logp)'(/i)>(logp)'(r)>0 

and hence p'{h) > 0. 

On the other hand, let us consider the case of © > with respect to the 
chosen orientation. As already said, we can find a point Pmin were the height 
function attains its minimum. In this case Vh{pmin) = 0, Q{pmin) = 1 and 

< Ah{pmin) = -n{logp)'{K) - nHi{pmin) < -n{logp)'{K), 
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where = h{pmin)- Reasoning as above we can see that p'{h) < 0. 

In any case, we conclude that T, is contained in a slab on which p' does not 

vanish and the result follows from Theorem [H □ 

Corollary 7. Let —I Xp be a spatially closed generalized Robertson- 
Walker spacetime whose warping function satisfies (logp)" < 0. The only 
compact spacelike hypersurfaces satisfying either 

(i) H2 is a positive constant, or 

(ii) Hk is constant (with k >3) and there exists an elliptic point in S, 
are slices. 

For the proof of this corollary, observe that in case (i), by the basic in- 
equality Hf > H2 > 0, it follows that the mean curvature does not vanish. 
On the other hand, in case (ii), we assume that there exists a point pQ £ Y, 
where all the principal curvatures are negative. Therefore, the constant 
Hk = Hk{pQ) is positive and, using the Carding inequalities [8] we get that 

Hi > hI'"^ > ■ ■ ■> hI^'' > 
on S. In particular. Hi > and the conclusion follows by Corollary [H 

4. Uniqueness of complete spacelike hypersurfaces 

We will now extend the previous theorems to the complete noncompact 
case. To do that we will use a generalization of the Omori-Yau maximum 
principle for trace type differential operators. 

Let S be a Riemannian manifold and let L = Tr(P o hess) be a semi- 
elliptic operator, where P : TT, — )• TS is a positive semi-definite symmetric 
tensor. Following the terminology introduced in [13], we say that the Omori- 
Yau maximum principle holds on S for the operator L if, for any function 
u G C'^(S) with u* = supg M < +00, there exists a sequence {Pjl^gj^j C S 
with the properties 

(i) u{pj) > It* - y, (ii) \\\7u{pj)\\ < y, (iii) Lu{pj) < ^ 

for every j E N. Equivalently, for any function u S C^(S) with = infs u > 
—00, there exists a sequence {Pj}j^f^ C S with the properties 

(i) u{pj) < + J, (ii) \\Vu{pj)\\ < J, (iii) Lu{pj) > - j 
for every j E N. 

In [21 Theorem 1] the authors have recently proved the following version 
of a generalized Omori-Yau maximum principle for trace type differential 
operators. 
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Theorem 8 (Theorem 1 in [3]). Let (S, (, )) be a Riemannian manifold, and 
let L = Tr(P o hess) be a semi-elliptic operator, where P : TS — )• TT, is a 
positive semi-definite symmetric tensor satisfying sup^ TrP < +oo. Assume 
the existence of a non-negative function 7 with the properties 

(7) 7(p) — )■ +00 as p ^ 00, 

(8) 3 A > such that \\Vj\\ < A^ off a compact set, 

(9) 3B > such that L7 < 7 G{y/^) off a compact set, 
where G is a smooth function on [0, +00) such that: 

(i) G(0) > 0, (ii) G'{t) > on [0,+oo), 

(iii) l/^/m LH+oo), (iv) hmsupi^^ ^ < +00. 

Then, the Omori-Yau maximum principle holds on S for the operator L. 

As a consequence of Theorem [8l we have the fohowing result, which will 
be essential for the proof of our main results (see also Corollary 3 in [3j for 
a more general version in terms of a (generally non-constant) lower bound 
for the radial sectional curvature). 

Lemma 9. Let (S,(,)) be a complete, noncompact Riemannian manifold 
with sectional curvature bounded from below. Then, the Omori-Yau maxi- 
mum principle holds on S for any semi-elliptic operator L = Tr(P o hess) 
with supj] TrP < +00. 

Proof. Let o G S be a fixed reference point, denote with r{p) the distance 
function from o and set = rij))"^. Then 7 satisfies assumptions ^ 

and dH) of Theorem [HI Furthermore, 7 is smooth within the cut locus of 
o. Assume that the sectional curvature of E is bounded from below by a 
constant c. Since S is assumed to be complete and noncompact, then c < 0. 
Then, by the Hessian comparison theorem within the cut locus of 0, one has 

(11) Hess r(p)(t;, f ) < '0c(?'(p))(||?^||^ — (Vr(p),t;)^) 
for every v S TpS, where ipcit) is given by 

^"^^ ~ \ ^cothiV^t) if c < 0. 
Since Hess 7 = 2r Hessr + 2dr (8> dr, we obtain from here that 

Hess 7 < 2^MV^){,) + V^MV^)dr0dr 

(12) < 2^M^){,) 

for 7 sufficiently large, since 1 — ttpdt) < if t ^ 1. Then, using the fact 
that P is positive semi-definite we get 

L7 < 2TrP^MV^) 
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for 7 sufficiently large. Since supg TrP < +00 and lim(_j.+oo V'c(i) = \/— c, 
then we conclude that 

for a positive constant B and 7 sufficiently large, where G{t) is given (for 
instance) by G{t) = with t ^ 1. Therefore, by Theorem [8] we know that 
the Omori-Yau maximum principle holds on S for L. □ 

Lemma [9] has the following application in our situation. 

Corollary 10. Let —I XpP" he a generalized Robertson- Walker spacetime 
with warping function satisfying (log p)" < and Riemannian fiber P" having 
sectional curvature bounded from below. Let f : S" — )• — /XpP" be a complete 
spacelike hypersurface contained in a slab with supj^ ||^||^ < +c«. Then the 
sectional curvature of T, is bounded from below and the Omori- Yau maximum 
principle holds on T, for every semi-elliptic operator L = Tr(P o hess) with 
supg TrP < +00. 

Remark 11. From the equality 

\\Af =n^Hl-n{n-l)H2 

it follows that under the assumption infs H2 > -00 the condition sup^ 
+00 is equivalent to sup^ l-f^il < +00. 

Proof of Corollary \1(A Recall the Gauss equation 

R(X, Y)Z = {R{X, Y)Zf - {AX, Z) AY + {AY, Z) AX, 

for all vector fields X, Y, Z tangent to S, where R and R are the curvature 
tensors of S" and — / XpP, respectively. Then, if {X, y} is an orthonormal 
basis for an arbitrary 2-plane tangent to S, the sectional curvature in E of 
that 2-plane is given by 

Kj,{X,Y) =K{X,Y) - {AX,X) {AY,Y) + {AX,Yf 

(13) >K{X,Y) -\\AX\\\\AY\\ 

>K{X,Y) - \\Af, 

where K{X,Y) denotes the sectional curvature in — / Xp P of the plane 
spanned by {X, y}. Observe that the last inequality follows from the fact 
that 

\\AXf < TV(^2)||^||2 ^ p||2 

for every unit vector X tangent to S. Since we are assuming that sup^ < 
+00, it suffices to have K{X,Y) bounded from below. A direct computa- 
tion using the general relationship between the curvature tensor of a warped 
product and the curvature tensor of its base and its fiber, as well as the 
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derivatives of the warping function (see for instance Proposition 42 in [llj ) 
implies that 

R(C/, V)W = Rp(7rp,C/, ^p,y)7rp, + ((log p)'f{m){{U, W)V - {V, W) U) 
+ (log p)"(^m) {W, T) {{V, T)U- {U, T) V) 
- {\ogp)"{^^){{U,W) {V,T) - {V,W) {U,T))T. 

for every U,V,W £ TM, where T = ^ and we are using the notation U* 
to denote 7rp^,C/ for an arbitrary U G TM. Then, for the orthonormal basis 
{X, Y} we find that 

KiX,Y) = -^KpiX*,Y*)\\X* AY*\\^ 

(14) +{{\ogp')f{h) - {logp)"{h){{X,Vh)^ + {Y,Vhf) 

1 

7{hy 



> -^y—Kjp{X*,Y*)\\X*AY*f. 



On the other hand, 

\\X*AY*f = \\X*f\\Y*f - {X*,Y*f 
= 1- {X,Tf - {Y,Tf <1. 

Therefore, if Kf > c for some constant c, we deduce 

Finally, since h is a bounded function, we conclude from (fT3]) . ([H]) and (fT5]) 
that the sectional curvature K{X, Y) is bounded from below by an absolute 
constant. □ 

Now we are ready to state the main results of this section. 

Theorem 12. Let —I Xp P" be a generalized Robertson-Walker spacetime 
whose warping function satisfies (log p)" < 0, with equality only at isolated 
points, and suppose that has sectional curvature bounded from below. Let 
f : S" —7- — / Xp P" be a complete spacelike hypersurface contained in a 
slab with > 0, for some 2 < k < n, and —jj-^ = constant for some 
1 < i < k — \. Assume that sup^ \ Hi\ < +oo and, for k > 3, that there 
exists an elliptic point in S. Then, T, is a slice. 

Proof. First we consider the case k = 2. From the basic inequality Hf > 
H2 > 0, it follows that we can orient the hypersurface so that Hi > on 
S. We define the operator Li = Tr(i-*i o hess) with Pi = -ff^Pi- Note that 
Tr(Pi) = ci and therefore, by Corollarv 1101 and Remark II 11 the Omori-Yau 
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maximum principle holds on S for the operator Li. We let {pj} and {qj} be 
two sequences such that 

(i) lim a {h{pj)) = sup a (h), 

j-s>+oo Y. 
{ii) \\Va{h){p,)\\ = piHpM'^hipj)]] 

(Hi) Lia{h){pj) < y, 

and 

(i) lim a {h{qj)) = inf a (h), 

(u) \\Va{h){q,)\\=p{h{q,m^h{qj)\\<^, 

(Hi) Lia{h){qj) > -j, 

Observe that condition (i) implies that limj_>+oo ^(Pj) = h* = supj^h and 
limj_!>+oo h{qj) = /i* = infs h, because a{t) is strictly increasing. Thus by 
condition (ii) we also have limj_>+oo ||V/i(pj)|| = limj_^_|_oo ||V/i((7j)|| = 0, 
and limj_5.+oo ©(Pj) = limj_5.+oo &{<lj) = sign0. Therefore, using that 

Lia{h) = -ci (^p'{h) + Qp{h)^^ 

we get 



and 



^ > LMh){p,) = -ci (^p'iHpj)) + eiPj)p{Hp,))^^ 

< L^a{h){qj) = -ci (^p'{h{q,)) + Q{q^)p{h{qj))^^ . 

Making j — )• +00 in these inequalities we find 

{\ogp)'{K) < -signe|^ < (logp)'(r). 

Using the assumption (log p)" < with equality only at isolated points, we 
conclude from here that h is constant. 

For the general case k > 3, first observe that the existence of an elliptic 
point and Hj. > implies that Hi > and the operators Pi are positive 
definite for all 1 < i < A; — 1. Choose i as in the statement of the theorem, 
so that HiJ^i/Hi is constant and consider the operator Li = Tr(Pj o hess) 
with Pi = -ff-Pi- Note that Tr(i-*j) = q and therefore, by Corollarv 1101 and 
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Remark II H the Omori-Yau maximum principle holds on S for the operator 
Li. We conclude then as in the case k = 2 with the aid of the equation 

LMh) = -c^(^p'{h)+@p{h)^y 

□ 

The next result extends to the complete case Corollary [71 

Theorem 13. Let —I Xp P" be a generalized Robertson- Walker spacetime 
whose warping function satisfies (log p)" < 0, with equality only at isolated 
points, and suppose that has sectional curvature bounded from below. Let 
— / Xp P" be a complete spacelike hypersurface contained in a slab 
and assume that either 

(i) H2 is a positive constant, or 

(ii) Hk is constant (with k>3) and there exists an elliptic point in S. 
//supg l^^^il < +00, then Tj is a slice. 

Proof. Consider first the case k = 2. Since H2 > it follows by Lemma 
[1] that the operator Li is elliptic with respect to the orientation for which 
Hi > (see the proof of Lemma 3.2 in [2\ for the details). Assume first that 
G < with respect to this orientation and let us show that p'{h) > 0. To 
do that, we apply the Omori-Yau maximum principle to the Laplacian to 
assure the existence of a sequence {pj} with the following properties 

(i) lim h{pj) = inf h = h* , 

j—^+oo S 

(ii) ||vMPi)ll<^, 

(Hi) Ah(pj) < -. 

3 

Therefore, making j — t- +00 in the following inequality 

^ > /\h{pj) = -{log p)'{h{p,)){n+\\Vh{pj)f) - ne{pj)Hi{pj) 

we get 

-{log p)'{h*) + lim inf Hiipj) < 0. 

Since 

liminf Fi(p,) > y/lh > 0, 

j—>-+oo 

and {log p)'{h*) < (log /9)'(/i), it must be {log p)'{h) > 0, which means /5'(/i) > 
on S. On the other hand, in the case where O > with respect to this 
orientation, let us show that p'{h) < 0. To do that, we apply the Omori-Yau 
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maximum principle to the Laplacian to assure the existence of a sequence 
{qj} with the following properties 

(i) lim h{qj) = inf h = h^, 



jr— > + 00 

{ii) \\Vh{q,] 



< 



Therefore, making j 



1 



-r < ^Hqj) 
J 



(iii) Ah(qj) > . 

j 

-)■ +00 in the following inequality 
-{logpy{h{q,)){n+\\Vh{q,)f)-ne{qj)H,{q,) 



and reasoning exactly as before we conclude that > (log > (log p)'{h) 

and it must be (logp)'(/i) < 0, which means p'{h) < on S. 
Therefore, we have that for the chosen orientation 

(logp)'(/i)e < 0. 

By equation ([2]) 

Lia{h) = -cip{h){{\ogp)'{h)Hi + eH2). 
Consider the operator 

1 ci 



C 



eco 



(logp)'(/i)A + Li = Tr(P o hess). 



where 



V = -{n-l)^^^^f^I + P, = {n-l) 



(logp)'(M 



e 



i + Pi 



is positive definite. Since |1/0| < 1, then sup^ |(log/9)'(/i)| < +00 and 
sups Hi < +00, 

{log p{h)y 



TrV = ci 



e 



+ Hi] < +00. 



Hence C is an elliptic operator and the trace of V is bounded from above. 
By Corollary [10] (see also Remark [TT]) we can then apply the Omori-Yau 
maximum principle. Since h* < +00 there exists a sequence {pj} C S such 
that 

lim ((7 o h){pj) = {a o h)* = a{h*), 

J— >+oo 

\\V{aoh){p,)\\=p{h{pj))\\Vh{p,)\\<^, 



L(a o h){pj) < 



16 
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Ca{h) 



21 

e 



p{h){-{iogpy{hf + @^H2) 



taking the limit for j — t- +oo and observing that Q{pj) — >• sgn0 = ±1 as 
j — >• +00, we find 

0> sgneaiog pY {h* f -H2). 

On the other hand, since h is bounded from below, we can find a sequence 
{qj} C S such that 

lim (cr o h){qj) = {a o h)^, = a{K), 



\V{aoh){q,) 



L(a o h)(qj) > — 
J 

Hence, proceeding as above we find 

0<sgne((logp)'(/i,)2 



p{h{q,m^h{q,)\\ < 
1 



H- 



2)- 



Thus, taking into account that {\ogp)'{h)Q < snd to the fact that (log/3)' 
is a decreasing function, we get h* = h^,. 

For the general case A: > 3, since there exists an elliptic point and H]^ > 0, 
it follows by Lemma [2] that Hj > and the operators Lj are elliptic for 
a}L[\<j<k — \ with respect to an appropriate orientation. Reasoning as 
in the case k = 2, one can see that (log /3)'(/i)0 < for that orientation. 
Furthermore, since, by the Newton inequalities 

Hj < h{ < +00, 

each Hj is bounded from above. By equation ^ 

Lk-Mh) = -Ck-ip{h){{\ogp)'{h)Hk-i + QHk). 

Consider the operator 



fc-i 



k-l 

1=0 
k-1 

E 

i=0 



i=0 



Ck-1 



Ck-1 



Ci 



(logp)^(^) 

e 



Big) 



k-l-i 



Pi 



o hess 



{log pYW ^k 
e 



c—l—i 



{^ogp)'{h) 

e 



Li 
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Since C is a positive linear combination of the Lj's, it is elliptic. Moreover 



i=0 
k-1 



H, 



e 

<ck-iY.\^\ogpy{ht-^-'H\ 

1=0 
k-1 

<Ck-i sup I (log py{ht~'-' sup H 



is bounded from above. Similarly as in the proof of (l6|), it is easy to prove 
by induction on k that 

(16) Caih) = ^^t_L_p(^h){-i{logpyih))^ + i-ife'^Hu). 

We can then apply the Omori-Yau maximum principle to the operator C. 
Since h* < +oo there exists a sequence {pj} C S such that 

lim (cj o h){pj) = {a o h)* = cr{h*), 

J— > + oo 

\\V{aoh){p,)\\=p{h{p,))\\Vh{pj)\\<-^, 

C(a o h)ipj) < -. 

J 

Hence, taking the limit in (jl6p for j — t- +oo and observing that — t- sgn = 
±1 as j — +00, we find 

0>sgnG(((logp)'(r))^-Ffc). 

On the other hand, since h is bounded from below, we can find a sequence 
{qj} C S such that 

lim (cr o h){qj) = {a o h)^ = a{K), 

j— 5-+00 

\\V{aoh){qj)\\=p{h{q,))\mq,)\\<^, 
1 

C(a o h)(qj) > 

J 

Hence, proceeding as above we find 

0<sgnG(((logp)'(/iO)'-^fc). 
Thus we conclude as in case k = 2. □ 
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5. Further results for complete spacelike hypersurfaces 

Recall that a spacetime obeys the null convergence condition (NCC) if 
its Ricci curvature is nonnegative on lightlike directions. In the case of a 
generalized Robertson- Walker spacetime — / XpP" this is equivalent to 

(17) Ricp> (n-l)sup(p2(logp)")(,)p. 

In [101 Theorem 6] (see also Theorem 9.1 in [2j) it was proved that the 
only compact spacelike hypersurfaces with constant mean curvature in a 
spatially closed generalized Robertson- Walker spacetime obeying the NCC 
are the slices, unless in the case where the ambient space is isometric to 
the de Sitter spacetime in a neghbourhood of S, which must be a round 
umbilical hypersphere. Moreover, the latter case cannot occur if we assume 
that the inequality in (I17p is strict. Our first result in this section extends 
this to the complete noncompact follows 

Theorem 14. Let —I Xp F" be a generalized Robertson- Walker spacetime 
obeying the strict null convergence condition, that is, satisfying 

(18) Ricp > (n - 1) sup((log pY'p^) (, )p . 

Let f : Ti^ ^ —L Xp P" be a complete spacelike hypersurface of constant 
mean curvature contained in a slab Q{ti,t2). Suppose that S" is parabolic 
and supg \Q\ < +oo. Then /(S") is a slice. 

For the proof of the theorem we begin recalling the following computa- 
tional result from p| 

Lemma 15 (Corollary 8.2 in [2j). Let S" be a spacelike hypersurface im- 
mersed into a generalized Robertson-Walker spacetime —L XpP", with angle 
function Q and height function h. Let G = p{h)Q. Then we have 

AQ =np{h) {Vh, VHi) + np{h)Hi + nQ{nHf - (n - 1)H2) 

+ e(Ricp(iv*, A^*) - (n - i){iog pymvhf). 

Proof of Theorem \14\ Let us choose on S the orientation such that < 
and consider the function (j) = Hi(j{h) + Q. Since the mean curvature is 
constant, by Equation ([2]) and Lemma [TSl we have 

A(P = Q{n{n - l){Hl - H2) + Kk^{N\N*) - (n - l)(log p)"(/i)||V/if ). 

Reasoning as in the proof of Theorem 9.1 in [2], it follows from the hypotheses 
that A0 < on S. Since sup^] |0| < +00 and S is contained in a slab, (j) is 
bounded from below. Moreover, S being parabolic implies that (p must be 
constant and Ac/) = 0. In particular 

Ricp(iV*,iV*) -in- l)(logp)"(/i)||V/if = 0. 
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Observe that 

\\Vhf = \\N*f = p^{h){N*,N*)p. 

Therefore by the strict null convergence condition, it must be V/i = and 
hence S is a slice. □ 

In order to extend this reasoning to the higher order mean curvature, we 
need the following computational result. 

Lemma 16 (Corollary 8.4 in [2j). Let S" be a spacelike hypersurface im- 
mersed into a RW spacetime —I x^P", with angle function Q and height 
function h. Assume that P" has constant sectional curvature k and let 
Q = p{h)Q. Then, for every k = 0, n — 1 we have 



+ e(^ - {\ogp)"{h)){\\Vh\\'ckHk - {PkVh,Vh)) 

+ ® (fe + l) i^HiHk+i -{n-k- l)Hk+2) 

For the general case, we replace the Laplacian operator by the following 
operator 

£/ = div(Pfc-iV/), 
where / € C°°(S). Using Lemma 3.1 in [1] we find that 

i;/ = (divPfc_i,v/) + Lfc_i/ 

k-2 n 
j=Q i=l 

It follows by Equation 6.16 in [2\ that, in the case where P" has constant 
sectional curvature k, the operator £ becomes 



(19) 2f = {n-k + 1)0 - (log /9)"(/i)) {Pk-2VK V/) + Lfc_i/. 

We introduce the next 



Definition 17. We will say that the hypersurface — / Xp P" is £- 

parabolic if the only bounded above solutions of the differential inequality 

£f>0 

are constant. 

The following result is a special case of Theorem 2.6 in |12] 



20 



L. J. ALIAS, D. IMPERA, AND M. RIGOLI 



Theorem 18. Let — / XpP"" be a complete spacelike hypersurface. If 



where dBt is a geodesic sphere of radius t, then is {k — l)-parabolic. 

Now we are ready to establish the second main result of this section, 
which extends Theorem 9.2 in [2] to the complete case, at least when P" has 
constant sectional curvature. 

Theorem 19. Let —I XpP" be a Robertson- Walker space and denote the 
constant sectional curvature o/P" by k. Let f : — )■ — /XpF" be a complete 
spacelike hypersurface of constant k-mean curvature, k > 2, contained in a 
slab i}{ti,t2) on which p' does not change sign and 

(21) K > max((log/>)V)• 

[^l^^2] 

Suppose that satisfies condition (I20p and either 

(i) k = 2 and H2 > or 

(ii) A; > 3 and there exists an elliptic point p € S". 
//sup2 l-f^il < +00 and sup^ |0| < +00, then /(S") is a slice. 

Proof. Assume that p'{h) > and let us see that, for an appropriate orien- 
tation of S, one has Hi > and < 0. Consider first the case k = 2. Since 
H2 > it follows by Lemma [T] that the operator Li is elliptic with respect 
to the orientation for which Hi > (see the proof of Lemma 3.2 in [2] for 
the details). Let us see that this orientation gives < 0. To do that, we 
apply the Omori-Yau maximum principle to the Laplacian, which holds on 
E by Corollary [To] and Remark 111! This assures the existence of a sequence 
{qj} with the following properties 



(20) 




(i) lim h{qj) = inf /i = /i*, 




(ii) ||V%,)II<7' 



(Hi) Ah{qj) > — :. 



Therefore, making j — t- +00 in the following inequality 



< Ah{qj) = - {log py{h{q,)){n+\\Vh{qj)f) - ne{qj)Hi{qj) 



we get 



(logp)'(/i*) +sgn(e)liminf Fi(gj) < 0. 
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Since 

liminf > > 0, 

and (logp)'(/i*) > 0, it must be sgn(0) = —1, which means < on S. 
For the general case A: > 3, since there exists an elhptic point and Hk > 0, 
it fohows by Lemma [2] that Hj > and the operators Lj are ehiptic for ah 
1 < j < ^ — 1 with respect to an appropriate orientation. In particular, 
H2 > and reasoning as in the case k = 2, one can see that < for that 
orientation. 

Next we consider the function 

(P = H^a{h) + e, 

with O = p(h)Q. Since P" has constant sectional curvature k, it follows by 
Equation 1^9^ that 

={n-k + 1)0(^2^ - (logp)"(/i)) {Pk^2Vh, Vc/>) + Lk-icP 
={n-k + 1)6 - (log (Pfe„2V/i, V/i) 
+ (n _ A; + 1)6 (-^ - (log p)"{h)^ {Pk-2AVh, Vh) 

+ HlLk-i(j{h)+Lk^iQ. 
Using Equation ([2]) and Corollary [16] we find 

(22) £0 = - Ck-ip'{h)Hl{Hk-i - h'^) 

+ {n-k + 1)0 - (logp)"(/i))^| (Pfe_2V/i, V/i) 

+ {n-k)Q (-2^ - (log p)"{h)) {Pk-iVh, Vh) 

+ ei]{nHiHk-{n-k)Hk+i-kH^' ). 

Using Carding inequalities it is easy to prove that the first and the last 
terms are nonnegative. By the fact that each Pj is an elliptic operator, j = 
0, ...,k — l, and by equation (|2ip it follows that also all the remaining terms in 
the previous equation are nonnegative. Hence < 0. Since sup^ |6| < +00 
and the hypersurface is contained in a slab, then cf) is bounded from below. 
Moreover, by assumption (I20p . is £-parabolic. Therefore we conclude 
that (j) has to be constant. In particular, £0 = 0. Hence each term of 
Equation (j22|) must vanish. In particular equality 

nHiHk - (n - k)Hk+i - kH^ = 
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implies that S is a totally umbilical hypersurface. Moreover, since each Pj, 
j = 0, /c — 1 is an elliptic operator and since (|2T]) holds, we conclude that 
V/i = and hence /(S) is a slice. □ 
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